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ABSTRACT  

In this article, we show that a well-known property of covariance set, namely the characterization 

of covariance set in terms of commutators, remains valid for the weighted covariance set in C

-

algebras. 
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INTRODUCTION 

The literature on generalized inverses is quite 

extensive. 1,2Moore  introduced and studied 

the general reciprocal during the years 1910-

1920. The general reciprocal was find out 

again by 3Penrose  and is recently the Moore-

Penrose inverse. The weighted Moore-

Penrose inverse for matrices was introduced 

by  4Ben , 5Chipman , 6Khosravi ,

7Meenakshi , 8Patricio , 9Prasad, 10Robinson ,
11Schwerdtfeger and 12Sun .  Also it was 

studied in an indefinite inner product space 

by 13Kamaraj . 14Wei  presented a connected 

representation theorem of the weighted MP-

inverse in Hilbert spaces., 15Koliha  

introduced weighed MP--inverses and 

obtained the reverse order rule for those in 

C  -algebras. 

In whole the article     will be aC -algebra. 

We say that a  is regular if there is a   

such that 

 

We say that b    is a MP-inverse of if 

aba a , ,bab b ( )ab ab   and ( ) .ba ba   

.aba a

mailto:mahzoon_hesam@iaufb.ac.ir)


Mahzoon   H                                                                                                                                 Research Article 
 

 
146 

IJBPAS, December, 2015, 4(12), Special Issue 

It is fully known that every regular element 

in a C  -algebra, has the Moore-Penrose 

inverse (We denote it briefly by MP- 

inverse). We shall mark denote the MP--

inverse of a by †.a  

In what follow, we use 1  and †  for the set 

of a invertible and MP- invertible elements of

 , respectively. The commutator of x, y in   

is denoted by [  x,y]  =xy-yx. Suppose that e 

and f are positive elements in  1.   Let †a  be 

a MP-inverse of a. Set 

 11 † 22y f a e
  and  11

22 ,b e af 
  

then we get 

yby y ,byb b ,       1yb f ybf  and    1by e bye  . 
In this case, y is called the weighted Moor-Penrose inverse of b with weights e and f. Many 

noteworthy properties of weighted MP-inverse for matrices were introduced and studied by 
16Rao  . 

Assume that a is an element in 1.   Then 1a is covariant  under    1  , i.e., for each 1b   we 

have 

 

17Alizadeh  was shown that, the elements of †  are not covariant under 1.   For †a   with MP-

inverse †a , we define the covariance set  by  

     †1 1 † 1:a b bab ba b     � . (1) 

Here we generalize some results the weighted covariance set of a regular element in C -

algebras. 

Weighted Moore-Penrose inverses and covariance set 

Let us start with the following definition. 

Definition 1 Let be a C -algebra  and  e , f be a  be two positive elements in 1  . We say that 

an element a   has a weighted MP-inverse with weights e , f if there exist b  such that 

 aba a ,bab b ,        eab eab     and     .baf baf   (2) 

If the weighted MP-inverse with weights e , f  exists, then it is unique. We will denote it by †
, .e fa  

Each regular element in a C -algebra has a weighted MP-inverse [9, Theorem 4] and it can be 
written as 

                     (3) 

  11 1 1.bab ba b
  

†1 1 1 1
† 2 2 2 2
, .e fa f e af e

  
  

 
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Remark  2  Suppose that  a  is a regular element in .  
(i) If 1.e f  then the MP-inverse coincide, i.e., 

† † †
, 1,1e fa a a   

(ii) If 1e  or  1f  ,then 

 

†1
21

2†
1,

af

fa f
 

 
   and    

†1 1
† 2 2
,1ea e a e

 
  
 

 (4) 

(iii)  According to the  Theorem 2.3 studied by 1 7A l i z a d e h  , one can easily check 
that 

 † †
,1eaa aa    and   † †

,1 .ea a a a  (5) 

(iv) Let    a   be positive element in † and :   be a homomorphism. Then 

 †a is positive in   because 

    
1 1 1

† † † † † †2 2 2a a aa a a a a a a   
    

           
.  

Also by using of (3), we get if †a   is positive, then †
,e fa and †

,( )e fa  

are positive in   and    respectively. 

Let e  and f  be positive elements in 1  .  
Now, we can introduce the concept of MP--inverse in e The MP- inverse of ea  is eb  such 
that 

,aba a bab b ,      eab ab         and    .fba ba   

We shall write a   for the MP-inverse of .ea   

The next proposition shows that (2) and (6) are equivalent. 

Proposition 3 Assume that a is a regular element in  and e , f are positive in 1.   Then a =
†
, .e fa  

Proof.  Since 

       1 1 eeab eab e eab ab e ab e ab ab ab            
and similarly 

    fabf abf ba ba     

The uniqueness of †
,e fa  implies that a = †

,e fa . 
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From the above proposition we conclude that each regular elementhas a MP-inverse in e . In 

fact, from (3) we get
†1 1 1 1

2 2 2 2 .a f e af e
  

  
 

 Note that since a is unique, thus    ee
a a





 .For 

weighted MP-inverses, we associate the weighted involution in  .Assume that ,e f are positive 

elements in 1.  Define , 1e fx e x f    . It is easy to see that the mapping ,e fx x  is an 

involution on which satisfies     ,, .
e fe fx x

    Note that    † ,, † e fe fx x
   need not hold for 

this involution. The notion of covariance set is now extended to the weighted MP-inverses. 
Suppose that a   is regular with MP-inverse †a  and ,e f are positive elements in 1.   We define 
the 
Weighted covariance set by 

 ,e f a � { 1 1 †:b b a b    is weighted MP-inverse of 1b ab with weights ,e f }. 

Theorem 4  Assume that †a  with MP-inverse †a and ,e f are positive elements in 1  . Then 
the following statements are equivalent: 
(i)  ,e fb a� ; 

(ii) † , 0a a b b    and † , 0aa b fb    . 

Proof. ( ) ( )i ii  Suppose that  , .e fb a � then 1 †b a b is the weighted MP-inverse of 1b ab  with 

weights ,e f .Thus  † 1 † 1e
ba ab ba ab

  and so  1 † 1 † 1.e ba ab e ba ab
    Thus

  1 † † .b e a ab eb ba a
   This implies that † , 0.a a b eb    Similarly the equality

 † 1 † 1f
ba ab ba ab

  implies † , 0a a b fb    . 

( ) ( )ii i Since †a  is the MP-inverse of a, it suffices to show that  † 1 † 1e
ba ab ba ab

  and

 † 1 † 1f
baa b ba ab

  .By assumptions † , 0.a a b eb     From this we get

  11 † † .e b a ab eb ba a
    Thus  1 † 1 † 1e ba ab e ba ab

   and so  † 1 † 1.
e

ba ab ba ab
   In a similar 

manner we obtain  † 1 † 1.
f

ba ab ba ab
   

Corollary 5  Assume that †a  with MP-inverse †a  .Then 

         † † †
, , , , ,e f f e f e e f e fa a a aa a a  � � � � � . 

Proof.  An easy consequence of Theorem 4and Theorem 3.3 studied by 1 7A l i z a d e h  . 
Corollary 6 Suppose that a  and b  are regular and simply polar elements with the same rang e 
ideals. Then    , ,e f e fa b� � . 

Remark 7 Assume that †a with MP-inverses †.a  
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(i) If  1,e f  then the covariance set and the weighted covariance set of a  coincide, 
that is    ,e f a a� � ; 

(ii)  1, fb a � iff † , 0a a b b    and † , 0aa b fb    ; 

(iii)  ,1eb a�  iff † , 0a a b eb    and † , 0aa b b    ; 

(iv) According to (5)and Corollary 5 we get 

     † †
, , 1, , ,1f e e f f e f ea aa a a� � �  

(v) If a  is simply polar, then 

     † †
, , 1, , ,1f e e f f e f ea aa a a � � �  

Proposition    8 Let †,a b   with MP-inverses †a and †b respectively. If † †0a b ab  and
† †0ba b a  then      , , , .f e e f f ea b a b �  � �  

Proof. The proof is straightforward. 
CONCLUSION 

It is well known that the generalized inverses 

are very important both in theoretical 

and  practical point of view. In this note we 

study the More-Penrose inverses in C*-

algebras. If take he C*-algebra of matrices 

with the transpose conjugate, then it has a lot 

of applications in linear algebra.   
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